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the data in the approximate sense, any (possibly unobserved) choice from A′ induced

by such a model would be preferable to any choice from the set A, with respect to the

true preferences u. This captures the idea that, although the decision-maker may fail to

maximise their utility, the researcher evaluates their welfare using the true preferences,

thus, separating the positive and normative aspects of the choice.6

We do not claim that approximate utility maximisation is the ultimate explanation for

any deviation from the classic notion of rationality. Inevitably, some departures require

a qualitatively different approach to modelling consumer choice. Rather, the point of

this paper is to develop a comprehensive and meaningful framework for studying the

canonical model of utility maximisation when the empirical data exhibit inconsistencies

with the theory that could be attributed to non-transitive indifferences.

The idea of non-transitive indifferences was introduced to economics by



Organisation of the paper In Section 2 we introduce our setup and the basic nota-

tion. Our first main result (Theorem 1) is presented in Section 3, where we characterise

approximate utility maximisation in terms of non-transitive indifferences. We devote

Section 4 to a discussion on imperfect discrimination and how this phenomenon can be

studied using the toolkit developed in this paper. Theorem 2 is stated in Section 5, where

we discuss the problem of eliciting the true preferences of approximate utility maximisers

from their observable choices. We present the welfare analysis in Section 6, where we

state our final main result (Theorem 3). Section 7 is devoted to some direct applications

of our method. Specifically, in Section 7.1, we determine the class of empirical settings

in which approximate utility maximisation is indistinguishable from the model of satis-

ficing à la Simon (1947). In Section 7.2 we extend the results in Polisson et al. (2020) to

study approximate utility maximisation within a broad class of models of choice under









The proof is straightforward.14 With the additional notation in place, we return to

our initial question. Given a correspondence �, under what conditions can we rationalise
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�:�B�p�2�M �i�?�2 �;�2�M�2�`���H�B�i�v �Q�7 �Q�m�` �b�2�i�m�T�- �h�?�2�Q�`�2�K�R�/�Q�2�b �M�Q�i �b�T�2�+�B�7�v ���M�v �T���`�i�B�+�m�H���` �T�`�Q�T�2�`�i�B�2�b

�Q�7 �i�?�2 �7�m�M�+�i�B�Q�Mu �i�?���i �`���i�B�Q�M���H�B�b�2�b �i�?�2 �/���i�� ���b �B�M �U�8�V�X �a�T�2�+�B�}�+���H�H�v�- �i�?�2 �m�i�B�H�B�i�v �M�2�2�/ �M�Q�i �#�2

�+�Q�M�i�B�M�m�Q�m�b�- �2�p�2�M �B�M �p�2�`�v �r�2�H�H�@�#�2�?���p�2�/ �+�?�Q�B�+�2 �2�M�p�B�`�Q�M�K�2�M�i�b�X

�*�Q�M�b�B�/�2�` �i�?�2 �/���i���b�2�iO =
�

(A1; x1); (A2; x2)
	

�/�2�T�B�+�i�2�/ �B�M �6�B�;�m�`�2�R�- �r�?�2�`�2X = R2
+ �X

�a�m�T�T�Q�b�2 �i�?���i �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�2�M�+�2� �B�b �;�B�p�2�M �#�v�( x) :=
�

y 2 X : y � x
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�p�2�`�B�7�v �i�?���i �B�i �b���i�B�b�}�2�b ���b�b�m�K�T�i�B�Q�M�b�R���M�/�k�X�k�y �q�2 �+�H���B�K �i�?���i �i�?�2 �/���i���b�2�i �B�b �`���i�B�Q�M���H�B�b���#�H�2

�r�B�i�? ���T�T�`�Q�t�B�K���i�2 �m�i�B�H�B�i�v �K���t�B�K�B�b���i�B�Q�M�X �a�B�M�+�2x2 2 A1 ���M�/�( x1) \ A2 6= ; �B�K�T�H�vx1R� x2

���M�/x2P � x1�- �`�2�b�T�2�+�i�B�p�2�H�v�- �i�?�2 �`�2�H���i�B�Q�MP � �B�b ���+�v�+�H�B�+�X �h�?�2�`�2�7�Q�`�2�- �#�v �h�?�2�Q�`�2�K�R�- �i�?�2�`�2 �B�b ��

�m�i�B�H�B�i�vu ���M�/ �� �T�Q�b�B�i�B�p�2 �i�?�`�2�b�?�Q�H�/� �i�?���i �`���i�B�Q�M���H�B�b�2 �i�?�2 �/���i�� ���b �B�M �U�8�V�X�k�R �>�Q�r�2�p�2�`�- ���M�v
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�`�2�b�T�2�+�i�B�p�2�H�v�- �i�?�2 �i�r�Q �`�2�H���i�B�Q�M�b �?�Q�H�/ �b�B�K�m�H�i���M�2�Q�m�b�H�v �Q�M�H�v �B�7� (x2) > 0�X �h���F�2 ���M�v �b�2�[�m�2�M�+�2

�Q�7 ���H�i�2�`�M���i�B�p�2�bf zng �+�Q�M�p�2�`�;�B�M�; �i�Qx2 �b�m�+�? �i�?���ix2 2 �( zn )�- �B�X�2�X�-x2 � zn �- �7�Q�` ���H�Hn�X �a�B�M�+�2

� �@�K�Q�M�Q�i�Q�M�B�+�B�i�v �`�2�[�m�B�`�2�b �i�?���iu(x2) � u(zn ) > � (x2)�- �7�Q�` ���H�Hn�- �i�?�2 �m�i�B�H�B�i�v �7�m�M�+�i�B�Q�Mu �r�Q�m�H�/

�#�2 �+�Q�M�i�B�M�m�Q�m�b �Q�M�H�v �B�7� (x2) = 0 �- �v�B�2�H�/�B�M�; �� �+�Q�M�i�`���/�B�+�i�B�Q�M�X
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�i�B�Q�M �r�2 �2�K�T�H�Q�v �i�?�B�b �B�/�2�� �i�Q �+�Q�M�b�m�K�2�` �+�?�Q�B�+�2�- �#�v ���H�H�Q�r�B�M�; �i�?�2 �B�M�/�B�p�B�/�m���H �i�Q �B�K�T�2�`�7�2�+�i�H�v
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���H�r���v�b �+�Q�B�M�+�B�/�2 �U�`�2�+���H�H �S�`�Q�T�Q�b�B�i�B�Q�M�R�V�X ���H�i�?�Q�m�;�?� �@�K�Q�M�Q�i�Q�M�B�+�B�i�v �Q�7 ���T�T�`�Q�t�B�K���i�2 �m�i�B�H�B�i�v
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�r�2 �2�b�i�B�K���i�2 �i�?�2 �i�`�m�2 �T�`�2�7�2�`�2�M�+�2�bu �Q�7 �i�?�2 �B�M�/�B�p�B�/�m���H�\�j�j
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�K���t�B�K�B�b���i�B�Q�M ���b �B�M �U�8�V�- �7�Q�` �b�Q�K�2 �m�M�Q�#�b�2�`�p�2�/ �m�i�B�H�B�i�vu ���M�/ �i�?�`�2�b�?�Q�H�/� �X �"�vP � �r�2 �/�2�M�Q�i�2

�i�?�2 �/�B�`�2�+�i�H�v �`�2�p�2���H�2�/ �b�i�`�B�+�i �T�`�2�7�2�`�2�M�+�2 �`�2�H���i�B�Q�M�- �/�2�}�M�2�/ �B�M �a�2�+�i�B�Q�M�j�X

�A�i �B�b �+�Q�M�p�2�M�B�2�M�i �i�Q �`�2�7�2�` �i�Q �i�?�2 �M�Q�i�B�Q�M �Q�7 �i�?�2
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�T�`�2�p�B�Q�m�b �b�2�+�i�B�Q�M�- �r�2 �i���F�2 �� �/���i���b�2�iO ���M�/ �� �+�Q�`�`�2�b�T�Q�M�/�2�M�+�2� ���b �i�?�2 �T�`�2�K�B��•



�h�?�2 �`�Q�#�m�b�i �+�Q�K�T���`�B�b�Q�M �Q�p�2�` �K�2�M�m�b �B�b �T���`�i�B���H ���M�/�- �B�M �;�2�M�2�`���H�- �/�Q�2�b �M�Q�i �`���M�F ���M�v �i�r�Q

�b�2�i�b �Q�7 ���H�i�2�`�M���i�B�p�2�b�X �A�M �7���+�i�- �m�M�H�B�F�2 �7�Q�` �i�?�2 �2�t���+�i �m�i�B�H�B�i�v �K���t�B�K�B�b���i�B�Q�M�- �B�i �B�b �T�Q�b�b�B�#�H�2 �i�?���i

�i�r�Q �K�2�M�m�bA; A 0 ���`�2 �m�M�Q�`�/�2�`�2�/�- �2�p�2�M �r�?�2�MA �B�b �� �b�m�#�b�2�i �Q�7A0�X �a�B�M�+�2 �+�?�Q�B�+�2�b ���`�2 �M�Q�i

�M�2�+�2�b�b���`�B�H�v �K���t�B�K�B�b�B�M�; �i�?�2 �m�i�B�H�B�i�vu�- �i�?�2�`�2 �K���v �#�2 ���H�i�2�`�M���i�B�p�2�b �B�MA �i�?���i ���`�2 �b�i�`�B�+�i�H�v

�T�`�2�7�2�`���#�H�2 �i�Q �b�Q�K�2 �Q�T�i�B�Q�M�b �b�2�H�2�+�i�2�/ �7�`�Q�K �i�?�2 �b�2�iA0�X �>�Q�r�2�p�2�`�- �Q�M�+�2A0 �/�Q�K�B�M���i�2�bA �B�M �i�?�2

�`�Q�#�m�b�i �b�2�M�b�2�- ���M�v ���H�i�2�`�M���i�B�p�2 �i�?���i �r�Q�m�H�/ �#�2 �b�2�H�2�+�i�2�/ �7�`�Q�KA �B�b �B�M�7�2�`�B�Q�` �i�Q ���M�v ���H�i�2�`�M���i�B�p�2

�+�?�Q�b�2�M �7�`�Q�KA0�- �2�p�2�M �r�?�2�M �i�?�2 �B�M�/�B�p�B�/�m���H �7���B�H�b �i�Q �K���t�B�K�B�b�2 �i�?�2�B�` �m�i�B�H�B�i�v�X

�_�2�K���`�F �k�X�a�m�T�T�Q�b�2 �i�?���i ���b�b�m�K�T�i�B�Q�M�b�R���M�/�j ���`�2 �b���i�B�b�}�2�/�- ���M�/ �i�?�2 �K�2�M�mA �B�b �+�Q�K�T���+�i�-

�7�Q�` �2���+�? �Q�#�b�2�`�p���i�B�Q�M(A; x) 2 O �X �a�B�M�+�2�- �#�v ���b�b�m�K�T�i�B�Q�M�- �i�?�2 �b�2�iO �B�b �`���i�B�Q�M���H�B�b���#�H�2 �r�B�i�? ��
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�K�2�M�m�bA; A 0 2 A �- �i�?�2 �b�2�iA0 �B�b � �̀Q�#�m�b�i�H�v �T� �̀2�7�2� �̀��#�H�2 �i�QA �B�7�- ���M�/ �Q�M�H�v �B�7�- �7�Q�` ���M�v�+�Q�M�i�B�M�m�Q�m�b

�m�i�B�H�B�i�vu ���M�/ �b�Q�K�2 �i�?� �̀2�b�?�Q�H�/� �i�?���i � �̀��i�B�Q�M���H�B�b�2O ���b �B�M �U�8�V�- �i�?�2 �b�2�iA0 �B�b �T� �̀2�7�2�`� �̀2�/ �i�QA �B�M

�i�?�2 �b�2�M�b�2 �/�2�}�M�2�/ ���i �i�?�2 �#�2�;�B�M�M�B�M�; �Q�7 �i�?�B�b �b�2�+�i�B�Q�M�X

�d ���T�T�H�B�+���i�B�Q�M�b

�q�2 �+�Q�M�+�H�m�/�2 �i�?�B�b �T���T�2�` �r�B�i�? �� �7�2�r ���T�T�H�B�+���i�B�Q�M�b �Q�7 �Q�m�` �K���B�M �`�2�b�m�H�i�b�X

�d�X�R �a���i�B�b�}�+�B�M�;

���b �B�i �r���b �T�Q�B�M�i�2�/ �Q�m�i �B�M �a�2�+�i�B�Q�M�9�- ���T�T�`�Q�t�B�K���i�2 �m�i�B�H�B�i�v �K���t�B�K�B�b���i�B�Q�M �+���M �#�2 �B�M�i�2�`�T�`�2�i�2�/
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���`�2 �ó�;�Q�Q�/ �2�M�Q�m�;�?�ô �r�B�i�? �`�2�b�T�2�+�i �i�Q �b�Q�K�2 �+�`�B�i�2�`�B�Q�M�X �6�Q�`�K���H�H�v�- �� �+�?�Q�B�+�2 �+�Q�`�`�2�b�T�Q�M�/�2�M�+�2

c : A � X �`�2�T�`�2�b�2�M�i�b �i�?�2�b���i�B�b�}�+�B�M�;�#�2�?���p�B�Q�m�` �B�7 �i�?�2�`�2 �B�b �� �m�i�B�H�B�i�vu : X ! R �b�m�+�? �i�?���i

x 2 c(A) ���M�/u(y) � u(x) �B�K�T�H�B�2�by 2 c(A)�- �7�Q�` ���M�vy 2 A ���M�/A 2 A

�P�M�2 �+���M �2���b�B�H�v �p�2�`�B�7�v �i�?���i ���T�T�`�Q�t�B�K���i�2 �m�i�B�H�B�i�v �K���t�B�K�B�b���i�B�Q�M �B�b �� �b�T�2�+�B���H �+���b�2 �Q�7 �b���i�@

�B�b�}�+�B�M�;�X �A�M�/�2�2�/�- �b�m�T�T�Q�b�2 �i�?���ic(A) =
�

x 2 A : u(x) + � (y) � u(y); �7�Q�` ���H�Hy 2 A
	

�- �7�Q�`

�b�Q�K�2 �m�i�B�H�B�i�vu ���M�/ �i�?�`�2�b�?�Q�H�/ �7�m�M�+�i�B�Q�M� �X �a�B�M�+�2x 2 c(A) �B�K�T�H�B�2�bu(x) � u(z) � � (z)�- �7�Q�` ���H�H

z 2



���+�v�+�H�B�+�B�i�v �Q�7 �i�?�2 �`�2�p�2���H�2�/ �T�`�2�7�2�`�2�M�+�2 �`�2�H���i�B�Q�MP � �B�b �b�m�{�+�B�2�M�i �7�Q�` �i�?�2 �Q�#�b�2�`�p���i�B�Q�M�b �i�Q �#�2

�`���i�B�Q�M���H�B�b���#�H�2 �r�B�i�? ��� �@�K�Q�M�Q�i�Q�M�2 �b���i�B�b�}�+�B�M�; �#�2�?���p�B�Q�m�`�X

�h�?�2 �+�Q�M�p�2�`�b�2 �B�b �M�Q�i �i�`�m�2�X �a�m�T�T�Q�b�2 �i�?���iX = f a; b; c; dg ���M�/ �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�2�M�+�2� �B�b

�;�B�p�2�M �#�v�( a) = f bg�-�( c) = f dg



���b �B�M �U�8�V�- �7�Q�` �b�Q�K�2 �i�?�`�2�b�?�Q�H�/ �7�m�M�+�i�B�Q�M� �X �a�B�M�+�2�- �B�M �;�2�M�2�`���H�- �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�2�M�+�2� ���M�/

�`�2�H���i�B�Q�MP � �B�M�/�m�+�2 ���M �B�M�}�M�B�i�2 �M�m�K�#�2�` �Q�7 �#�B�M���`�v �+�Q�K�T���`�B�b�Q�M�b�- �p�2�`�B�7�v�B�M�; �r�?�2�i�?�2�` �� �m�i�B�H�B�i�vu

�B�b �+�Q�M�b�B�b�i�2�M�i �r�B�i�? �#�Q�i�? �Q�7 �i�?�2�K �K���v �#�2 �/�B�{�+�m�H�i�X �A�M �i�?�B�b �b�m�#�b�2�+�i�B�Q�M �r�2 ���T�T�H�v �S�`�Q�T�Q�b�B�i�B�Q�M�k

�i�Q ���M �B�K�T�Q�`�i���M�i �+�H���b�b �Q�7 �T�`�2�7�2�`�2�M�+�2�b �Q�p�2�` �b�i���i�2�@�+�Q�M�i�B�M�;�2�M�i �+�Q�M�b�m�K�T�i�B�Q�M �m�M�/�2�` �`�B�b�F�X �q�2

�2�t�i�2�M�/ �i�?�2 �K�2�i�?�Q�/ �Q�7�;�2�M�2� �̀��H�B�b�2�/ � �̀2�b�i�`�B�+�i�B�Q�M �Q�7 �B�M�}�M�B�i�2 �/�Q�K���B�M�b�U�:�_�A�.�V �#�v�S�Q�H�B�b�b�Q�M �2�i ���H�X

�U�k�y�k�y�V �i�Q �b�?�Q�r �i�?���i �r�B�i�?�B�M �� �#�`�Q���/ �+�H���b�b �Q�7 �K�Q�/�2�H�b �+�?�2�+�F�B�M�; �7�Q�` �+�Q�M�b�B�b�i�2�M�+�v �r�B�i�?� ���M�/

P � �+���M �#�2 �`�2�b�i�`�B�+�i�2�/ �i�Q �� �}�M�B�i�2 �M�m�K�#�2�` �Q�7 �+�Q�K�T���`�B�b�Q�M�b�X

�a�m�T�T�Q�b�2 �i�?�2�`�2 �B�b �� �}�M�B�i�2 �b�2�i �Q�7 �b�i���i�2�bS = f 1; 2; : : : ; `g ���M�/ �i�?�2 �T�`�Q�#���#�B�H�B�i�v� s �Q�7

�2���+�? �b�i���i�2s 2 S �B�b �F�M�Q�r�M �i�Q �i�?�2 �+�Q�M�b�m�K�2�` ���M�/ �i�?�2 �Q�#�b�2�`�p�2�`�X �h�?�2 �+�Q�M�i�B�M�;�2�M�i �+�Q�M�@

�b�m�K�T�i�B�Q�M �b�T���+�2 �B�bX = R



�6�Q�` �b�B�K�T�H�B�+�B�i�v�- �r�2 �7�Q�+�m�b �Q�M �i�?�2 �+���b�2 �r�?�2�`�2 �i�?�2 ���;�;�`�2�;���i�Q�`F �B�b �i�?�2 �b���K�2 ���+�`�Q�b�b ���H�H

�Q�#�b�2�`�p���i�B�Q�M�bt 2 T�X �*�H�2���`�H�v�- �i�?�B�b �B�b �M�Q�i �r�B�i�?�Q�m�i �H�Q�b�b �Q�7 �;�2�M�2�`���H�B�i�v�X �6�Q�` �2�t���K�T�H�2�- �r�?�2�M

�b�i�m�/�v�B�M�; �i�?�2 �2�t�T�2�+�i�2�/ �m�i�B�H�B�i�v ���b �B�M �U�e�V�- �i�?�B�b �r�Q�m�H�/ �`�2�[�m�B�`�2 �i�?���i �b�i���i�2 �T�`�Q�#���#�B�H�B�i�B�2�b� s



���b �B�i �r���b �T�Q�B�M�i�2�/ �Q�m�i �B�M �a�2�+�i�B�Q�M�j�- �B�i �B�b �M�Q�i ���H�r���v�b �T�Q�b�b�B�#�H�2 �i�Q ���T�T�`�Q�t�B�K���i�2�H�v �`���i�B�Q�M���H�B�b�2

�� �b�2�i �Q�7 �Q�#�b�2�`�p���i�B�Q�M�b �r�B�i�? �� �+�Q�M�i�B�M�m�Q�m�b �7�m�M�+�i�B�Q�Mu�X �a�B�K�B�H���`�H�v�- �S�`�Q�T�Q�b�B�i�B�Q�M�e �/�Q�2�b �M�Q�i

�;�m���`���M�i�2�2 �i�?���i �i�?�2 �"�2�`�M�Q�m�H�H�B �7�m�M�+�i�B�Q�Mv ���M�/�- �i�?�m�b�-y ! F
�
v(y1); v(y2); : : : ; v(y` )

�
���`�2

�+�Q�M�i�B�M�m�Q�m�b�X �A�M �i�?�2�P�M�H�B�M�2 �b�m�T�T�H�2�K�2�M�i�- �r�2 �b�?�Q�r �i�?���i �r�?�2�M�2�p�2�` �i�?�2 �K�2�M�mA t �B�b �+�Q�K�T���+�i�-

�7�Q�` �2���+�? �Q�#�b�2�`�p���i�B�Q�Mt 2 T�- ���M�/ �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�2�M�+�2� �b���i�B�b�}�2�b ���b�b�m�K�T�i�B�Q�M�j�U�B�B�V�- �Q�M�2 �+���M

���b�b�m�K�2 �i�?���i �i�?�2 �7�m�M�+�i�B�Q�Mv �B�b �+�Q�M�i�B�M�m�Q�m�b�- �r�B�i�?�Q�m�i �H�Q�b�b �Q�7 �;�2�M�2�`���H�B�i�v�X

�d�X�j �� �m�M�B�p�2�`�b���H �K�2���b�m�`�2 �Q�7 �/�2�T���`�i�m�`�2�b �7�`�Q�K �`���i�B�Q�M���H�B�i�v

�A�i �B�b �� �+�Q�K�K�Q�M �Q�#�b�2�`�p���i�B�Q�M �B�M �M�m�K�2�`�Q�m�b �2�K�T�B�`�B�+���H �b�i�m�/�B�2�b �i�?���i �+�?�Q�B�+�2�b �Q�7 �B�M�/�B�p�B�/�m���H�b

���`�2 �M�Q�i �+�Q�M�b�B�b�i�2�M�i �2�M�Q�m�;�? �i�Q �#�2 �+�Q�M�;�`�m�2�M�i �r�B�i�? �i�?�2 �2�t���+�i �m�i�B�H�B�i�v �K���t�B�K�B�b���i�B�Q�M�X ���b ��

�`�2�b�m�H�i�- �� �b�B�;�M�B�}�+���M�i �T���`�i �Q�7 �i�?�2 �`�2�p�2���H�2�/ �T�`�2�7�2�`�2�M�+�2 �H�B�i�2�`���i�m�`�2 �B�b �/�2�p�Q�i�2�/ �i�Q �K�2���b�m�`�2�b �i�?���i

�2�p���H�m���i�2 �?�Q�r �b�2�p�2�`�2�H�v �i�?�2 �/���i�� �/�2�T���`�i�b �7�`�Q�K �i�?�2 �+�H���b�b�B�+ �M�Q�i�B�Q�M �Q�7 �`���i�B�Q�M���H�B�i�v�X ���`�;�m���#�H�v�-

�i�?�2 �K�Q�b�i �+�Q�K�K�Q�M �Q�7 �i�?�2�K ���H�H �B�b �i�?�2�+�`�B�i�B�+���H �+�Q�b�i�@�2�{�+�B�2�M�+�v �B�M�/�2�t�U�*�*�1�A�- ���H�b�Q �F�M�Q�r�M ���b

���7�`�B���i�ö�b �2�{�+�B�2�M�+�v �B�M�/�2�t�V�- �B�M�i�`�Q�/�m�+�2�/ �B�M���7�`�B���i�U�R�N�d�j�V �i�Q �2�p���H�m���i�2 �p�B�Q�H���i�B�Q�M�b �Q�7 �m�i�B�H�B�i�v

�K���t�B�K�B�b���i�B�Q�M �r�B�i�?�B�M �i�?�2 �b�i���M�/���`�/ �+�Q�M�b�m�K�2�` �/�2�K���M�/ �7�`���K�2�r�Q�`�F�X�9�R

�h�?�`�Q�m�;�?�Q�m�i �i�?�B�b �b�m�#�b�2�+�i�B�Q�M�- �H�2�iX = R`
+ ���M�/�- �7�Q�` ���M�v �Q�#�b�2�`�p���i�B�Q�Mt 2 T�- �i�?�2 �+�Q�`�`�2�@

�b�T�Q�M�/�B�M�; �K�2�M�m �#�2 �;�B�p�2�M �#�vA t =
�

y 2 R`
+ : pt � y � pt � x t

	
�- �7�Q�` �b�Q�K�2 �T�`�B�+�2�bpt 2 R`

++ �X

�h�?�2 �/���i���b�2�iO =
�

(A t ; xt ) : t 2 T
	

�B�b �`���i�B�Q�M���H�B�b���#�H�2 �7�Q�` ���M�2�{�+�B�2�M�+�v �T��� �̀��K�2�i�2�`e 2 [0; 1]

�U�� �M�m�K�#�2�`�V �B�7 �i�?�2�`�2 �B�b �� �b�i�`�B�+�i�H�v �B�M�+�`�2���b�B�M�; �m�i�B�H�B�i�v �7�m�M�+�i�B�Q�Mu : R`
+ ! R �b�m�+�? �i�?���i

e(pt � x t ) � pt � y �B�K�T�H�B�2�bu(x t ) � u(y);

�7�Q�` ���H�Ht 2 T�X �h�?���i �B�b�- �i�?�2 �Q�#�b�2�`�p�2�/ �#�m�M�/�H�2x t �B�b �T�`�2�7�2�`���#�H�2 �i�Q ���H�H ���H�i�2�`�M���i�B�p�2�b �i�?���i ���`�2

�+�?�2���T�2�` �i�?���M �i�?�2 �7�`���+�i�B�Q�Me �Q�7x t �- �;�B�p�2�M �T�`�B�+�2�bpt �- �7�Q�` ���H�Ht 2 T�X �*�H�2���`�H�v�- �7�Q�`e = 1�- �i�?�B�b

�+�Q�B�M�+�B�/�2�b �r�B�i�? �i�?�2 �2�t���+�i �m�i�B�H�B�i�v �K���t�B�K�B�b���i�B�Q�M�X �*�*�1�A �B�b �2�[�m���H �i�Q �i�?�2 �b�m�T�`�2�K�m�K �Q�p�2�` ���H�H

�2�{�+�B�2�M�+�v �T���`���K�2�i�2�`�be �7�Q�` �r�?�B�+�? �i�?�2 ���#�Q�p�2 �+�Q�M�/�B�i�B�Q�M �?�Q�H�/�b�X

�.�x�B�2�r�m�H�b�F�B�U�k�y�k�y



�`�2�b�m�H�i �B�b �2�b�i���#�H�B�b�?�2�/ �7�Q�` �i�?�2 �;�2�M�2�`���H �b�T�2�+�B�}�+���i�B�Q�M �Q�7 �i�?�2 �m�i�B�H�B�i�v �7�m�M�+�i�B�Q�Mu�X �>�Q�r�2�p�2�`�- �B�M

�b�Q�K�2 ���T�T�H�B�+���i�B�Q�M�b �*�*�1�A �B�b �m�b�2�/ �i�Q �K�2���b�m�`�2 �/�2�T���`�i�m�`�2�b �7�`�Q�K �� �b�T�2�+�B�}�+ �7�Q�`�K�m�H���i�B�Q�M �Q�7

�i�?�2 �m�i�B�H�B�i�vu�X �6�Q�` �2�t���K�T�H�2�-�*�?�2�`�+�?�v�2 �2�i ���H�X�U�k�y�R�d�- �k�y�k�y�V ���T�T�H�v ���M ���M���H�Q�;�Q�m�b �K�2���b�m�`�2

�i�Q �� �K�m�H�i�B�T�2�`�b�Q�M �?�Q�m�b�2�?�Q�H�/ �K�Q�/�2�H�c�S�Q�H�B�b�b�Q�M �2�i ���H�X�U�k�y�k�y�V �2�p���H�m���i�2 �*�*�1�A �7�Q�` �/�2�T���`�i�m�`�2�b

�7�`�Q�K �2�t�T�2�+�i�2�/ �m�i�B�H�B�i�v�- �`���M�F �/�2�T�2�M�/�2�M�i �m�i�B�H�B�i�v�- ���M�/ �/�B�b���T�T�Q�B�M�i�K�2�M�i ���p�2�`�b�B�Q�M�c�*���T�T�2�H�2�M

�2�i ���H�X�U�k�y�k�R�V ���M�/�.�2�K�#�Q �2�i ���H�X�U�k�y�k�R�V �2�K�T�H�Q�v �B�i �i�Q �2�b�i�B�K���i�2 �/�2�p�B���i�B�Q�M�b �7�`�Q�K �i�?�2 �K�Q�/�2�H �Q�7

�T�`�Q�#���#�B�H�B�b�i�B�+ �b�Q�T�?�B�b�i�B�+���i�B�Q�M ���M�/ �2�t�T�2�+�i�2�/ �m�i�B�H�B�i�v �K���t�B�K�B�b���i�B�Q�M�X �q�2 ���T�T�H�v �S�`�Q�T�Q�b�B�i�B�Q�M�k

�i�Q �2�t�i�2�M�/ �i�?�2 �2�[�m�B�p���H�2�M�+�2 �`�2�b�m�H�i �i�Q ���M ���`�#�B�i�`���`�v �b�m�#�@�+�H���b�b �Q�7 �m�i�B�H�B�i�B�2�b�X

�S�`�Q�T�Q�b�B�i�B�Q�M �d�X�6�Q�` ���M�v �/���i���b�2�iO�- ���M�v �b�i�`�B�+�i�H�v �B�M�+� �̀2���b�B�M�; �m�i�B�H�B�i�vu : R`
+ !



�P�m�` �Q�#�b�2�`�p���i�B�Q�M�b ���H�H�Q�r �7�Q�` �� �M���i�m�`���H �2�t�i�2�M�b�B�Q�M �Q�7 �*�*�1�A �M�Q�i �Q�M�H�v �i�Q ���`�#�B�i�`���`�v �m�i�B�H�B�i�B�2�bu�-

�#�m�i ���H�b�Q �i�Q �2�K�T�B�`�B�+���H �b�2�i�i�B�M�;�b �#�2�v�Q�M�/ �i�?�2 �+�H���b�b�B�+ �/�2�K���M�/ �7�`���K�2�r�Q�`�F �¨ �H�� ���7�`�B���i�X �:�B�p�2�M

���M�v �/���i���b�2�iO �r�B�i�? ���`�#�B�i�`���`�v �K�2�M�m�bA�- �Q�M�2 �+���M �2�b�i���#�H�B�b�? �i�?�2 �b�2�p�2�`�B�i�v �Q�7 �/�2�T���`�i�m�`�2�b �7�`�Q�K

�`���i�B�Q�M���H�B�i�v �r�B�i�? �i�?�2 �H�2���b�i� > 1 �7�Q�` �r�?�B�+�? �i�?�2 �/���i�� �+���M �#�2 �`���i�B�Q�M���H�B�b�2�/ ���b �B�M �U�8�V �7�Q�` �i�?�2

�+�Q�`�`�2�b�T�Q�M�/�2�M�+�2�( x) :=
�

� 0x : � 0 � �
	

�X �l�M�H�B�F�2 �i�?�2 �Q�`�B�;�B�M���H �B�M�i�2�`�T�`�2�i���i�B�Q�M�- �Q�m�` �i���F�2 �Q�M

�*�*�1�A �/�Q�2�b �M�Q�i �/�2�T�2�M�/ �Q�M �i�?�2 �H�B�M�2���` �b�T�2�+�B�}�+���i�B�Q�M �Q�7 �i�?�2 �#�m�/�;�2�i �b�2�i�b ���M�/ ���H�H�Q�r�b �7�Q�` ��

�K�2���M�B�M�;�7�m�H �+�Q�K�T���`�B�b�Q�M ���+�`�Q�b�b �/�B�z�2�`�2�M�i �+�?�Q�B�+�2 �2�M�p�B�`�Q�M�K�2�M�i�b�X �J�Q�`�2�Q�p�2�`�- �;�B�p�2�M �i�?�2 �`�2�b�m�H�i�b

�B�M �a�2�+�i�B�Q�M�8���M�/�e�- �B�i �T�2�`�K�B�i�b �M�Q�i �Q�M�H�v �i�Q �K�2���b�m�`�2 �/�2�T���`�i�m�`�2�b �7�`�Q�K �`���i�B�Q�M���H�B�i�v�- �#�m�i ���H�b�Q

�i�Q �2�b�i�B�K���i�2 �i�?�2 �i�`�m�2 �T�`�2�7�2�`�2�M�+�2�b �Q�7 �i�?�2 �B�M�/�B�p�B�/�m���H�- �K���F�2 �Q�m�i�@�Q�7 �b���K�T�H�2 �T�`�2�/�B�+�i�B�Q�M�b�- ���M�/

�2�p���H�m���i�2 �r�2�H�7���`�2 �r�?�2�M �i�?�2 �/���i�� �B�b �M�Q�i �+�Q�M�b�B�b�i�2�M�i �r�B�i�? �m�i�B�H�B�i�v �K���t�B�K�B�b���i�B�Q�M�X

�� ���T�T�2�M�/�B�t

�>�2�`�2 �r�2 �T�`�2�b�2�M�i �T�`�Q�Q�7�b �i�?���i �r�2�`�2 �Q�K�B�i�i�2�/ �B�M �i�?�2 �K���B�M �#�Q�/�v �Q�7 �i�?�2 �T���T�2�`�X �"�2�7�Q�`�2 �b�i���i�B�M�;

�i�?�2 ���`�;�m�K�2�M�i �b�m�T�T�Q�`�i�B�M�; �h�?�2�Q�`�2�K�R�- �B�i �B�b �+�Q�M�p�2�M�B�2�M�i �i�Q �T�`�Q�p�2 �S�`�Q�T�Q�b�B�i�B�Q�M�k�k



�h�?�m�b�- �r�2 �?���p�2u(x t ) > u (x)�- �7�Q�` ���M�v �b�m�+�?t 2 T�X �A�M �T���`�i�B�+�m�H���`�- �7�Q�` �b�Q�K�2t 2 T�-

u(x) + � (y) = u(x) + u(y) � u(x t ) < u (y);

�r�?�B�+�? �+�Q�M�i�`���/�B�+�i�b �i�?���ix 2 c(A)�- ���M�/ �b�Q �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�2�M�+�2c �B�b� �@�K�Q�M�Q�i�Q�M�2�X

�h�Q �T�`�Q�p�2 �i�?���ic �`���i�B�Q�M���H�B�b�2�bO�- �i���F�2 ���M�v �Q�#�b�2�`�p���i�B�Q�M(A t ; xt ) ���M�/y 2 A t �X �"�v �+�Q�M�@

�b�i�`�m�+�i�B�Q�M �Q�7 �i�?�2 �i�?�`�2�b�?�Q�H�/� �- �r�2 �?���p�2� (y) � max
�

u(y) � u(x t ); 0
	

� u(y) � u(x t )�X �h�?�B�b

�b�m�{�+�2�b �7�Q�`x t �i�Q �#�2 ���M �2�H�2�K�2�M�i �Q�7c(A t )�- �r�?�B�+�? �+�Q�M�+�H�m�/�2�b �i�?�2 �T�`�Q�Q�7�X

���X�k �S�`�Q�Q�7 �Q�7 �h�?�2�Q�`�2�K�R

�q�2 �T�`�Q�p�2 �i�?���i �b�i���i�2�K�2�M�i �U�B�V �B�K�T�H�B�2�b �U�B�B�V�X �:�B�p�2�M �S�`�Q�T�Q�b�B�i�B�Q�M�k�- �B�i �b�m�{�+�2�b �i�Q �b�?�Q�r �i�?���i

�i�?�2�`�2 �B�b �� �m�i�B�H�B�i�vu : X ! R �b�m�+�? �i�?���i �B�7x 2 �( y) �Q�x̀P � y �i�?�2�Mu(x) > u (y)�X �"�2�7�Q�`�2 �r�2

�T�`�Q�+�2�2�/ �r�B�i�? �Q�m�` ���`�;�m�K�2�M�i�- �r�2 �B�M�i�`�Q�/�m�+�2 ���M ���m�t�B�H�B���`�v �`�2�b�m�H�i�X

�G�2�K�K�� ���X�R�X�G�2�i� �#�2 ���M �B�`� �̀2�~�2�t�B�p�2�- �i� �̀��M�b�B�i�B�p�2 �#�B�M���`�v � �̀2�H���i�B�Q�M�- ���M�/D � X �#�2 �� �+�Q�m�M�i���#�H�2

�b�2�iD � X �b�m�+�? �i�?���ix � y �B�K�T�H�B�2�b �2�B�i�?�2�`z 6� x ���M�/z � y�- �Q�x̀ � z ���M�/y 6� z�- �7�Q�` �b�Q�K�2

z 2 D�X �h�?�2�M�- �i�?�2� �̀2 �B�b �� �7�m�M�+�i�B�Q�Mu : X ! R �b�m�+�? �i�?���ix � y �B�K�T�H�B�2�bu(x) > u (y)�X

�S� �̀Q�Q�7�X�h���F�2 ���M�v �+�Q�m�M�i���#�H�2 �b�2�iD �b�T�2�+�B�}�2�/ ���b �B�M �i�?�2 �T�`�Q�T�Q�b�B�i�B�Q�M ���M�/ �2�M�m�K�2�`���i�2 �B�i�b �2�H�2�@

�K�2�M�i�b �b�Q �i�?���iD = f zkg1
k=1 �X �6�Q�` ���M�vx 2 X �/�2�}�M�2 �i�?�2 �b�2�iM (x) :=

�
k : x � zkg ���M�/

N (x) :=
�

k : zk � xg�X �P�M�2 �+���M �2���b�B�H�v �b�?�Q�r �i�?���ix � y �B�K�T�H�B�2�bM (y) � M (x) ���M�/

N (y) � N (x)�- �7�Q�` ���M�vx; y 2 X �X �J�Q�`�2�Q�p�2�`�- ���i �H�2���b�i �Q�M�2 �Q�7 �i�?�2 �b�2�i �B�M�+�H�m�b�B�Q�M�b �K�m�b�i �#�2

�b�i�`�B�+�i�X �A�M�/�2�2�/�- �B�7x � z ���M�/y 6� z�- �7�Q�` �b�Q�K�2z 2 D�- �i�?�2�MM (y) � M (x)�- �r�?�B�H�2z 6� x ���M�/

z � y �B�K�T�H�B�2�bN (y) � N (x)�X �.�2�}�M�2 �i�?�2 �7�m�M�+�i�B�Q�Mu : X ! R �#�v

u(x) :=
X

k2 M (x)

2� k �
X

k2 N (x)

2� k ;

�r�?�B�+�? �B�b �r�2�H�H�@�/�2�}�M�2�/ ���M�/�- �#�v �Q�m�` �T�`�2�p�B�Q�m�b �Q�#�b�2�`�p���i�B�Q�M�- �+�Q�M�b�B�b�i�2�M�i �r�B�i�?� �X



�S� �̀Q�Q�7�X�a�m�T�T�Q�b�2 �i�?���ixPy�X �"�v �/�2�}�M�B�i�B�Q�M�- �i�?�2�`�2 �B�b �b�Q�K�2t 2 T �b�m�+�? �i�?���ix tP � y �Q�`�- �2�[�m�B�p���@

�H�2�M�i�H�v�-�( y) \ A t 6= ; �X �a�B�M�+�2�( y) � �( z) �B�K�T�H�B�2�b�( z) \ A t 6= ; �- �r�2 �?���p�2x tP � z�X �A�7x = x t �-

�r�2 ���`�2 �/�Q�M�2�X �P�i�?�2�`�r�B�b�2�- �r�2 �?���p�2xPx t ���M�/x tP � z�- �r�?�B�+�? �B�K�T�H�B�2�bxPz�X

�h�?�2 �M�2�t�i �H�2�K�K�� �B�b ���M �B�K�K�2�/�B���i�2 �+�Q�`�Q�H�H���`�v �i�Q �i�?�2 �T�`�2�p�B�Q�m�b �`�2�b�m�H�i�X

�G�2�K�K�� ���X�j�X�l�M�/�2�` ���b�b�m�K�T�i�B�Q�M�R�- �B�7x P y B z �i�?�2�MxPz�- �7�Q�` ���M�vx; y; z 2 X �X�9�j

�A�M�/�2�2�/�- �#�v �/�2�}�M�B�i�B�Q�M�- �r�2 �?���p�2y B z �B�7 ���M�/ �Q�M�H�v �B�7y 2 �( z)



�S� �̀Q�Q�7�X�a�m�T�T�Q�b�2 �i�?���ix � y�X �"�v �G�2�K�K�����X�9�- �i�?�B�b �?�Q�H�/�b �B�b �i�?�`�2�2 �B�M�b�i���M�+�2�b�X �A�7xPy�- �i�?�2�M

�( y) � �( z) �B�K�T�H�B�2�bxPz�- �#�v �G�2�K�K�����X�k�X �6�Q�H�H�Q�r�B�M�; �i�?�2 �b���K�2 ���`�;�m�K�2�M�i�- �B�7x B z0P y�-

�7�Q�` �b�Q�K�2z0 2 X �- ���M�/�( y) � �( z) �i�?�2�Mx B z0 P z�X �6�B�M���H�H�v�- �r�2 �?���p�2x B y �Q�M�H�v �B�7

x 2 �( y) � �( z)�- �r�?�B�+�? �B�K�T�H�B�2�bx B z�X �1�B�i�?�2�` �r���v�- �r�2 �Q�#�i���B�Mx � z�X

�*�Q�M�b�B�/�2�` �i�?�2 �}�M���H ���m�t�B�H�B���`�v �`�2�b�m�H�i�X

�G�2�K�K�� ���X�d�X





�G�2�î� �/�2�M�Q�i�2 �i�?�2 �i�`���M�b�B�i�B�p�2 �+�H�Q�b�m�`�2 �Q�7� [
�

(x; y)
	

�X

�G�2�K�K�� ���X�R�y�X�l�M�/�2�` ���b�b�m�K�T�i�B�Q�M�R�- �i�?�2 �#�B�M���`�v � �̀2�H���i�B�Q�M�̂ �B�b �B�`� �̀2�~�2�t�B�p�2�X

�S� �̀Q�Q�7�X�a�B�M�+�2y 62RW (x) ���M�/� = P [ B [ (B � P)�- �r�2 �?���p�2y 6� x�- �#�v �/�2�}�M�B�i�B�Q�M �Q�7

RW (x)�X �q�2 �+�Q�M�b�B�/�2�` �i�r�Q �+���b�2�b�X �A�7x � y �i�?�2�M̂� = � �- �r�?�B�+�? �B�b �B�`�`�2�~�2�t�B�p�2�X �P�i�?�2�`�r�B�b�2�-

�i�?�2 �`�2�H���i�B�Q�M�̂ �7���B�H�b �i�Q �#�2 �B�`�`�2�~�2�t�B�p�2 �Q�M�H�v �B�7z � x ���M�/y � z�- �7�Q�` �b�Q�K�2z 2 X �X �>�Q�r�2�p�2�`�-

�i�?�B�b �B�K�T�H�B�2�by � x�- �r�?�B�+�? �+�Q�M�i�`���/�B�+�i�b �Q�m�` �B�M�B�i�B���H �+�H���B�K�X

�h�?�2 �7�Q�H�H�Q�r�B�M�; �H�2�K�K�� �b�?�Q�r�b �i�?���i�̂ �b���i�B�b�}�2�b �i�?�2 �b�2�T���`���#�B�H�B�i�v �+�Q�M�/�B�i�B�Q�M�X

�G�2�K�K�� ���X�R�R�X�l�M�/�2�` ���b�b�m�K�T�i�B�Q�M�b�R���M�/�k�- �i�?�2� �̀2 �B�b �� �+�Q�m�M�i���#�H�2 �b�2�iD � X �b�m�+�? �i�?���i

z0 �̂ z �B�K�T�H�B�2�b �2�B�i�?�2�`z0 �̂ z00���M�/z 6̂� z00�- �Q�z̀006̂� z0 ���M�/z00�̂ z�- �7�Q�` �b�Q�K�2z 2 D

�S� �̀Q�Q�7�X�h���F�2 ���M�v �b�2�iD �b�T�2�+�B�}�2�/ �B�M ���b�b�m�K�T�i�B�Q�M�k���M�/ �/�2�}�M�2D 0 := D [ f x tgt2 T [ f x; yg�-

�r�?�B�+�? �B�b �+�Q�m�M�i���#�H�2�X �a�m�T�T�Q�b�2 �i�?���iz0 �̂ z�X �A�7z0 6� z�- �i�?�2�M �2�B�i�?�2�`z0 = x�-z = y�- �Q�z̀0 � x

���M�/y � z�X �*�H�2���`�H�v�- �i�?�2 �`�2�[�m�B�`�2�/ �+�Q�M�/�B�i�B�Q�M �B�b �b���i�B�b�}�2�/ �7�Q�`z00= x �Q�z̀00= y�X

���H�i�2�`�M���i�B�p�2�H�v�- �b�m�T�T�Q�b�2 �i�?���iz0 � z�X �"�v �G�2�K�K�����X�9�- �i�?�B�b �?�Q�H�/�b �B�M �i�?�`�2�2 �B�M�b�i���M�+�2�b�X

�A�7z0Pz�- �H�2�iz00= z0 2 D 0�X �a�B�M�+�2�̂ �B�b �B�`�`�2�~�2�t�B�p�2�- �B�i �K�m�b�i �#�2 �i�?���iz006̂� z0 ���M�/z00�̂ z0�X

�a�B�K�B�H���`�H�v�- �B�7z0 B z00P z�- �7�Q�` �b�Q�K�2z002 X �- �i�?�2�Mz006̂� z0 ���M�/z00�̂ z0�- �r�?�2�`�2z002 D 0�X

�6�B�M���H�H�v�- �b�m�T�T�Q�b�2 �i�?���iz0 B z�X �"�v ���b�b�m�K�T�i�B�Q�M�k�- �2�B�i�?�2�` �U�B�V�( z0) � �( z00) ���M�/z002 �( z)�-

�Q�` �U�B�B�Vz0 2 �( z00) ���M�/�( z00) � �( z)�- �7�Q�` �b�Q�K�2z002 D�X �q�?�2�M�2�p�2�` �U�B�V �B�b �i�`�m�2�- �i�?�2�Mz00B z�-

���M�/ �b�Qz00�̂ z�X �h�Q�r���`�/�b �+�Q�M�i�`���/�B�+�i�B�Q�M�- �b�m�T�T�Q�b�2 �i�?���iz00�̂ z0�X �A�7z00� z0�- �i�?�2�M�( z0) � �( z00)

�B�K�T�H�B�2�bz00� z00�U�#�v �G�2�K�K�����X�e�V�- �v�B�2�H�/�B�M�; �� �+�Q�M�i�`���/�B�+�i�B�Q�M�X �a�B�K�B�H���`�H�v�- �B�7z00� x ���M�/y � z0�-

�i�?�2�M�( z0) � �( z00) �B�K�T�H�B�2�by � z00� x�- �+�Q�M�i�`���/�B�+�i�B�M�; �i�?���iy 6� x�X �h�?�m�b�- �r�2 �?���p�2z006̂� z0

���M�/z00�̂ z�X ���M���H�Q�;�Q�m�b�H�v�- �B�7 �U�B�B�V �?�Q�H�/�b�- �i�?�2�Mz0 �̂ z00���M�/z 6̂� z00�- �7�Q�` �b�Q�K�2z002 D�X

�"�v �G�2�K�K���b���X�R�y�-���X�R�R�- ���M�/���X�R�- �i�?�2�`�2 �B�b �m�i�B�H�B�i�vu : X ! R �b�m�+�? �i�?���iz0 ~� z �B�K�T�H�B�2�b

u(z0) > u (z)�X �h�?�2�`�2�7�Q�`�2�- �#�Q�i�?z0 2 �( z) ���M�/z0P � z �B�K�T�H�vu(z0) > u (z)�- ���b �r�2�H�H ���b

u(x) > u (y)�X �h�?�2 �`�2�b�i �7�Q�H�H�Q�r�b �7�`�Q�K �S�`�Q�T�Q�b�B�i�B�Q�M�k�X

���X�8 �S�`�Q�Q�7 �Q�7 �S�`�Q�T�Q�b�B�i�B�Q�M�9

�.�2�M�Q�i�2~O = O [
�

(A; y)
	

���M�/ �H�2�i~P � ; ~P �#�2 �i�?�2 �`�2�p�2���H�2�/ �`�2�H���i�B�Q�M�b �B�M�/�m�+�2�/ �#�v~O�X �A�M �T���`�@

�i�B�+�m�H���`�- �r�2 �?���p�2P � ~P�X �*�H�2���`�H�v�- �i�?�2 �b�2�i~O �B�b �`���i�B�Q�M���H�B�b���#�H�2 �Q�M�H�v �B�7y 2 S(A)�X �P�i�?�2�`�r�B�b�2�-

�( y) \ A 6= ; �r�Q�m�H�/ �B�K�T�H�vy ~P � y�- �r�?�B�H�2xPy ���M�/�( x) \ A 6= ; �r�Q�m�H�/ �B�K�T�H�vx ~Px�X �1�B�i�?�2�`

�r���v�- �i�?�B�b �r�Q�m�H�/ �+�Q�M�i�`���/�B�+�i �i�?���i �i�?�2 �`�2�H���i�B�Q�M~P �B�b �B�`�`�2�~�2�t�B�p�2�X

�j�9





� �@�K�Q�M�Q�i�Q�M�2 ���T�T�`�Q�t�B�K���i�2 �m�i�B�H�B�i�v �K���t�B�K�B�b���i�B�Q�M ���b �B�M �U�8�V�X

���X�3 �S�`�Q�Q�7 �Q�7 �S�`�Q�T�Q�b�B�i�B�Q�M�d

�h�Q �b�?�Q�r �i�?���i �U�B�V �B�K�T�H�B�2�b �U�B�B�V�- �i���F�2 ���M�v� > 1=e� �X �6�Q�H�H�Q�r�B�M�; �U�B�V�- �i�?�2�`�2 �B�b �b�Q�K�2e �b�m�+�? �i�?���i

� > 1=e > 1=e� �- ���M�/e(pt � x t ) � pt � y �B�K�T�H�B�2�bu(x t ) � u(y)�X �"�v �K�Q�M�Q�i�Q�M�B�+�B�i�v �Q�7u�- �i�?�B�b

�;�m���`���M�i�2�2�b �i�?���ie(pt � x t ) > p t � y �Q�M�H�v �B�7u(x t ) > u (y)�X �L�Q�i�2 �i�?���i�-�( y) \ A t 6= ; �- ���M�/ �b�Q

x tP � y�- �B�7 ���M�/ �Q�M�H�v �B�7pt � x t � pt � (�y )�X �a�B�M�+�21=� < e �- �i�?�B�b �b�m�{�+�2�b �7�Q�`x tP � y �i�Q �B�K�T�H�v

u(x t ) > u (y)�X �J�Q�`�2�Q�p�2�`�- �K�Q�M�Q�i�Q�M�B�+�B�i�v �Q�7u �B�K�T�H�B�2�bu(�y ) > u (y)�- �7�Q�` ���M�v� > 1�X �"�v

�S�`�Q�T�Q�b�B�i�B�Q�M�k�- �i�?�2 �/���i�� �B�b �`���i�B�Q�M���H�B�b���#�H�2 ���b �B�M �U�8�V �7�Q�` �i�?�2 �m�i�B�H�B�i�vu�X

�h�Q �b�?�Q�r �i�?�2 �+�Q�M�p�2�`�b�2�- �i���F�2 ���M�ve < e� �X �"�v �U�B�B�V�- �i�?�2�`�2 �B�b �b�Q�K�2 �M�m�K�#�2�`� �b�m�+�? �i�?���i

e < 1=� < e � �X �"�v �i�?�2 ���`�;�m�K�2�M�i ���#�Q�p�2 ���M�/ �S�`�Q�T�Q�b�B�i�B�Q�M�k�- �r�2 �F�M�Q�r �i�?���ipt � x t � pt � (�y )

�B�K�T�H�B�2�bu(x t ) > u (y)�X �a�B�M�+�2e < 1=� �- �i�?�B�b �b�m�{�+�2�b �7�Q�` �U�B�V �i�Q �?�Q�H�/�X

�_�2�7�2�`�2�M�+�2�b

���7�`�B���i�- �a�X �L�X�U�R�N�e�d�V�, �ó�h�?�2 �+�Q�M�b�i�`�m�+�i�B�Q�M �Q�7 �� �m�i�B�H�B�i�v �7�m�M�+�i�B�Q�M �7�`�Q�K �2�t�T�2�M�/�B�i�m�`�2 �/���i���-�ô�A�M�i�2�`�@
�M���i�B�Q�M���H �1�+�Q�M�Q�K�B�+ �_�2�p�B�2�r�- �3�- �e�d���d�d�X

������ �U�R�N�d�j�V�, �ó�P�M �� �b�v�b�i�2�K �Q�7 �B�M�2�[�m���H�B�i�B�2�b �B�M �/�2�K���M�/ ���M���H�v�b�B�b�, ���M �2�t�i�2�M�b�B�Q�M �Q�7 �i�?�2 �+�H���b�b�B�+���H
�K�2�i�?�Q�/�-�ô�A�M�i�2�`�M���i�B�Q�M���H �1�+�Q�M�Q�K�B�+ �_�2�p�B�2�r�- �R�9�- �9�e�y���9�d�k�X

���;�m�B���`�- �o�X�- �S�X �>�D�2� �̀i�b�i�`���M�/�- ���M�/ �_�X �a�2�`�`���M�Q�U�k�y�k�y�V�, �ó�� �`���i�B�Q�M���H�B�x���i�B�Q�M �Q�7 �i�?�2 �q�2���F
���t�B�Q�K �Q�7 �_�2�p�2���H�2�/ �S�`�2�7�2�`�2�M�+�2�-�ô �"�`���p�Q �q�Q�`�F�B�M�; �S���T�2�` �O�k�y�k�y�@�y�R�e �- �A�6�L �q�Q�`�F�B�M�; �S���T�2�` �L�Q�X

https://ssrn.com/abstract=3543674
https://ssrn.com/abstract=3180302 


���T�2�b�i�2�;�m�B���- �C�X ���M�/ �J�X ���X �"���H�H�2�b�i�2�`�U�k�y�R�8�V�, �ó�� �K�2���b�m�`�2 �Q�7 �`���i�B�Q�M���H�B�i�v ���M�/ �r�2�H�7���`�2�-�ô
�C�Q�m�`�M���H �Q�7 �S�Q�H�B�i�B�+���H �1�+�Q�M�Q�K�v�- �R�k�j�- �R�k�d�3���R�j�R�y�X

���`�K�b�i�`�Q�M�;�- �q�X �1�X�U�R�N�j�N�V�, �ó�.�2�i�2�`�K�B�M���i�2�M�2�b�b �Q�7 �i�?�2 �m�i�B�H�B�i�v �7�m�M�+�i�B�Q�M�-�ô�1�+�Q�M�Q�K�B�+ �C�Q�m�`�M���H�- �9�N�-
�9�8�j���9�e�d�X

������ �U�R�N�8�y�V�, �ó�� �M�Q�i�2 �Q�M �i�?�2 �i�?�2�Q�`�v �Q�7 �+�Q�M�b�m�K�2�`�ö�b �#�2�?���p�B�Q�m�`�-�ô�P�t�7�Q� �̀/ �1�+�Q�M�Q�K�B�+ �S���T�2�`�b�- �k�-
�R�R�N���R�k�k�X

�"���H���F�`�B�b�?�M���M�- �L�X�- �1�X ���X �P�F�- ���M�/ �S�X �P� �̀i�Q�H�2�p���U�k�y�k�R�V�, �ó�A�M�7�2�`�2�M�i�B���H �+�?�Q�B�+�2 �i�?�2�Q�`�v�-�ô �q�Q�`�F�@
�B�M�; �T���T�2�`�X

�"�2�`�2�b�i�2���M�m�- ���X ���M�/ �G�X �_�B�;�Q�i�i�B�U�k�y�k�R�V�, �ó�A�/�2�M�i�B�}�+���i�B�Q�M �Q�7 �B�M�+�Q�K�T�H�2�i�2 �T�`�2�7�2�`�2�M�+�2�b�-�ô �q�Q�`�F�B�M�;
�T���T�2�`�X

�"�H�Q�r�- �G�X�- �J�X �"�`�Q�r�M�B�M�;�- ���M�/ �A�X �*�`���r�7�Q�`�/�U�k�y�k�R�V�, �ó�L�Q�M�T���`���K�2�i�`�B�+ ���M���H�v�b�B�b �Q�7 �i�B�K�2�@
�B�M�+�Q�M�b�B�b�i�2�M�i �T�`�2�7�2�`�2�M�+�2�b�-�ô�_�2�p�B�2�r �Q�7 �1�+�Q�M�Q�K�B�+ �a�i�m�/�B�2�b�- �U�7�Q�`�i�?�+�Q�K�B�M�;�V�X

�"�m�i�H�2�`�- �.�X �C�X ���M�/ �:�X �*�X �G�Q�Q�K�2�b
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�P�M�H�B�M�2 �b�m�T�T�H�2�K�2�M�i �i�Q�, �ó�� �+�Q�K�T�`�2�?�2�M�b�B�p�2 �`�2�p�2���H�2�/

�T�`�2�7�2�`�2�M�+�2 ���T�T�`�Q���+�? �i�Q ���T�T�`�Q�t�B�K���i�2 �m�i�B�H�B�i�v

�K���t�B�K�B�b���i�B�Q�M�ô

�S���r�2�ˆ �.�x�B�2�r�m�H�b�F�B�»

���m�;�m�b�i�- �k�y�k�R

���#�b�i�`���+�i

�h�?�B�b �b�m�T�T�H�2�K�2�M�i �+�Q�M�i���B�M�b ���/�/�B�i�B�Q�M���H �`�2�b�m�H�i�b �`�2�H���i�2�/ �i�Q�.�x�B�2�r�m�H�b�F�B�U�k�y�k�R�V�X �h�?�2�b�2
�M�Q�i�2�b �b�?�Q�m�H�/ �#�2 �`�2���/ �B�M �+�Q�M�D�m�M�+�i�B�Q�M �r�B�i�? �i�?�2 �K���B�M �T���T�2�`�X

�>�2�`�2 �r�2 �B�M�+�H�m�/�2 �`�2�b�m�H�i�b �i�?���i �+�Q�K�T�H�2�K�2�M�i �i�?�2 �}�M�/�B�M�;�b �T�`�2�b�2�M�i�2�/ �B�M �i�?�2 �K���B�M �T���T�2�`�X

�A�M �a�2�+�i�B�Q�M�"�X�R�r�2 �/�B�b�+�m�b�b ���M ���H�i�2�`�M���i�B�p�2�- �K�Q�`�2 �+�Q�M�b�i�`�m�+�i�B�p�2 �i���F�2 �Q�M �h�?�2�Q�`�2�K �R �#���b�2�/ �Q�M

�H�B�M�2�` �T�`�Q�;�`���K�K�B�M�; �K�2�i�?�Q�/�b�X �a�T�2�+�B�}�+���H�H�v�- �i�?�B�b ���H�H�Q�r�b �m�b �i�Q �/�2�i�2�`�K�B�M�2 �T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2

�m�i�B�H�B�i�v �7�m�M�+�i�B�Q�Mu �i�?���i ���`�2 �M�Q�i �i�2�b�i���#�H�2 �B�M �+�2�`�i���B�M �+�?�Q�B�+�2 �2�M�p�B�`�Q�M�K�2�M�i�b�X �A�M �a�2�+�i�B�Q�M�"�X�k�-

�r�2 �2�t�T�H�Q�`�2 �i�?�2 �`�2�H���i�B�Q�M �#�2�i�r�2�2�M ���T�T�`�Q�t�B�K���i�2 �m�i�B�H�B�i�v �K���t�B�K�B�b���i�B�Q�M ���M�/ �B�M�i�2�`�p���H �Q�`�/�2�`�b�X

�6�B�M���H�H�v�- �B�M �a�2�+�i�B�Q�M�"�X�j�r�2 �b�i���i�2 �T�`�Q�Q�7�b �Q�7 �i�?�2 �`�2�b�m�H�i�b �T�`�2�b�2�M�i�2�/ �B�M �a�2�+�i�B�Q�M �d�X�k �Q�7 �i�?�2 �K���B�M

�T���T�2�`�- �`�2�;���`�/�B�M�; �+�?�Q�B�+�2 �Q�p�2�` �b�i���i�2�@�+�Q�M�i�B�M�;�2�M�i �+�Q�M�b�m�K�T�i�B�Q�M �m�M�/�2�` �`�B�b�F�X

�h�?�`�Q�m�;�?�Q�m�i �i�?�B�b �b�m�T�T�H�2�K�2�M�i �r�2 �2�K�T�H�Q�v �i�?�2 �M�Q�i���i�B�Q�M �B�M�i�`�Q�/�m�+�2�/ �B�M �i�?�2 �K���B�M �T���T�2�`�X

�A�M �Q�`�/�2�` �i�Q �F�2�2�T �Q�m�` �2�t�T�Q�b�B�i�B�Q�M �+�Q�K�T���+�i�- �r�2 �b���v �i�?���i �� �/���i���b�2�iO �B�b���T�T� �̀Q�t�B�K���i�2�H�v � �̀��i�B�Q�@

�M���H�B�b���#�H�2�- �B�7 �i�?�2�`�2 �B�b �� �m�i�B�H�B�i�vu ���M�/ �i�?�`�2�b�?�Q�H�/ �7�m�M�+�i�B�Q�M� �i�?���i �`���i�B�Q�M���H�B�b�2 �i�?�2 �Q�#�b�2�`�p���i�B�Q�M�b

�B�M �i�?�2 �b�2�M�b�2 �b�T�2�+�B�}�2�/ �B�M �h�?�2�Q�`�2�K �R�- �;�B�p�2�M �� �+�Q�`�`�2�b�T�Q�M�/�2�M�+�2� �X

�» �.�2�T���`�i�K�2�M�i �Q�7 �1�+�Q�M�Q�K�B�+�b�- �l�M�B�p�2�`�b�B�i�v �Q�7 �a�m�b�b�2�t�- �C�m�#�B�H�2�2 �"�m�B�H�/�B�M�;�- �6���H�K�2�`�- �"�`�B�;�?�i�Q�M �"�L�R �N�a�G�-
�l�M�B�i�2�/ �E�B�M�;�/�Q�K�X �1�K���B�H�,�S�X�E�X�.�x�B�2�r�m�H�b�F�B�!�b�m�b�b�2�t�X���+�X�m�F�X

�R
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�"�X�R�X�R �*�Q�M�b�i�`�m�+�i�B�p�2 �`���i�B�Q�M���H�B�b���i�B�Q�M

�:�B�p�2�M �Q�m�` �/�B�b�+�m�b�b�B�Q�M �B�M �a�2�+�i�B�Q�M �j �Q�7 �i�?�2 �K���B�M �T���T�2�`�- �B�i �B�b �+�H�2���` �i�?���i �r�?�2�M�2�p�2�` �i�?�2 �b�2�i �Q�7

�Q�#�b�2�`�p���i�B�Q�M�bO �B�b �`���i�B�Q�M���H�B�b���#�H�2 �r�B�i�? ���T�T�`�Q�t�B�K���i�2 �m�i�B�H�B�i�v �K���t�B�K�B�b���i�B�Q�M �i�?�2�M �i�?�2 �+�Q�`�`�2�@

�b�T�Q�M�/�B�M�; �/�B�`�2�+�i�H�v �`�2�p�2���H�2�/ �b�i�`�B�+�i �T�`�2�7�2�`�2�M�+�2 �`�2�H���i�B�Q�MP � �B�b ���+�v�+�H�B�+�X �h�?�B�b �Q�#�b�2�`�p���i�B�Q�M �7�Q�H�H�Q�r�b

�/�B�`�2�+�i�H�v �7�`�Q�K �i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7 �i�?�2 �`�2�H���i�B�Q�M ���M�/ �B�b �B�M�/�2�T�2�M�/�2�M�i �Q�7 ���M�+�B�H�H���`�v ���b�b�m�K�T�i�B�Q�M�b�X �A�M

�i�?�B�b �b�m�#�b�2�+�i�B�Q�M �r�2 �T�`�Q�p�B�/�2 �� �+�Q�M�b�i�`�m�+�i�B�p�2 ���`�;�m�K�2�M�i �b�m�T�T�Q�`�i�B�M�; �i�?�2 �+�Q�M�p�2�`�b�2�X �q�2 �T�`�Q�T�Q�b�2

�� �m�i�B�H�B�i�vu ���M�/ �� �i�?�`�2�b�?�Q�H�/� �i�?���i �`���i�B�Q�M���H�B�b�2 �i�?�2 �/���i�� �B�M �i�?�B�b �b�2�M�b�2�X

�q�2 �#�2�;�B�M �Q�m�` �+�Q�M�b�i�`�m�+�i�B�Q�M �#�v �/�2�}�M�B�M�; �i�?�2 �7�m�M�+�i�B�Q�Mgt : X ! R ���b

gt (x) :=

8
<

:
f t (x) �B�7f t (x) � 0;

f t (x) + � �Q�i�?�2�`�r�B�b�2�c
�U�"�X�R�V

�7�Q�` �b�Q�K�2� > 0�- �r�?�2�`�2f t �B�b �i�?�2 �r�2�H�H�@�/�2�}�M�2�/ ���M�/ �b�i�`�B�+�i�H�v �B�M�+�`�2���b�B�M�; �7�m�M�+�i�B�Q�M �i�?���i �`�2�T�`�2�@

�b�2�M�i�b �i�?�2 �K�2�M�mA t �- �7�Q�` ���H�Ht 2 T�X �h�?�m�b�- �i�?�2 �7�m�M�+�i�B�Q�Mgt �B�b ���H�b�Q �r�2�H�H�@�/�2�}�M�2�/ ���M�/ �b�i�`�B�+�i�H�v

�B�M�+�`�2���b�B�M�;�X �J�Q�`�2�Q�p�2�`�- �r�2 �?���p�2gt (y) � 0 �B�7 ���M�/ �Q�M�H�v �B�7y 2 A t �- �7�Q�` ���H�Ht 2 T�X �.�2�}�M�2

�7�m�M�+�i�B�Q�Mht : X ! R ���bht (x) := inf
�

gt (y) : y 2 �( x)
	

�- �7�Q�` ���H�Ht 2 T�X

�G�2�K�K�� �"�X�R�X�6�Q�` ���H�Ht 2 T�- �r�2 �?���p�2ht (x) � 0 �B�7�- ���M�/ �Q�M�H�v �B�7�-�( x) \ A t 6= ; �X

�S� �̀Q�Q�7�X�A�7y 2 �( x) \ A t 6= ; �i�?�2�M0 � f t (y) = gt (y) � ht (x)�X �h�Q �b�?�Q�r �i�?�2 �+�Q�M�p�2�`�b�2�-

�b�m�T�T�Q�b�2 �i�?���iht (x) � 0 ���M�/�( x) \ A t = ; �X �A�M �T���`�i�B�+�m�H���`�- �7�Q�` ���M�vy 2 �( x)�- �r�2 �?���p�2

gt (y) = f t (y) + � > � �X �h�?�B�b �B�K�T�H�B�2�bht (x) � � > 0�- �v�B�2�H�/�B�M�; �� �+�Q�M�i�`���/�B�+�i�B�Q�M�X

�A�i �B�b �2���b�v �i�Q �b�?�Q�r �i�?���i �i�?�2 �`�2�p�2���H�2�/ �`�2�H���i�B�Q�MP � �B�b ���+�v�+�H�B�+ �B�7 ���M�/ �Q�M�H�v �B�7�- �7�Q�` ���M�v �+�v�+�H�2

C =
�

(a; b); (b; c); : : : ; (z; a)
	

�B�MT � T�- �r�2 �?���p�2�( xs) \ A t = ; �- �7�Q�` �b�Q�K�2(t; s) 2 C�X �"�v

�i�?�2 �H�2�K�K�� ���#�Q�p�2�- �i�?�B�b �B�b �2�[�m�B�p���H�2�M�i �i�Qht (xs) > 0�- �7�Q�` �b�Q�K�2(t; s) 2 C�X �A�M �i�?�2 �7�Q�H�H�Q�r�B�M�;

�`�2�b�m�H�i �r�2 �b�?�Q�r �i�?���i �i�?�B�b �b�m�{�+�2�b �i�Q �b�Q�H�p�2 �� �T���`�i�B�+�m�H���` �H�B�M�2���` �b�v�b�i�2�K�X

�G�2�K�K�� �"�X�k�X�h�?�2 � �̀2�H���i�B�Q�MP � �B�b ���+�v�+�H�B�+ �Q�M�H�v �B�7 �i�?�2� �̀2 ��� �̀2 �M�m�K�#�2�`�b(� t )t2 T ���M�/ �b�i�`�B�+�i�H�v

�T�Q�b�B�i�B�p�2 �M�m�K�#�2�`�b(� t )t2 T �b�m�+�? �i�?���i� s < � t + � tht (xs)�- �7�Q�` ���H�Ht; s 2 T�X

�h�?�2 �b�v�b�i�2�K �Q�7 �B�M�2�[�m���H�B�i�B�2�b �T�`�2�b�2�M�i�2�/ �B�M �i�?�B�b �H�2�K�K�� �B�b �p�2�`�v �b�B�K�B�H���` �i�Q �i�?�2 �b�Q�@�+���H�H�2�/

���7�`�B���i �B�M�2�[�m���H�B�i�B�2�b�X �>�Q�r�2�p�2�`�- �B�i �`�2�[�m�B�`�2�b �7�Q�` ���H�H �i�?�2 �B�M�2�[�m���H�B�i�B�2�b �i�Q �#�2 �b�i�`�B�+�i�X �h�?�2 �`�2�b�m�H�i

�B�i�b�2�H�7 �B�b ���M���H�Q�;�Q�m�b �i�Q �G�2�K�K�� ���X�k �B�M�.�x�B�2�r�m�H�b�F�B�U�k�y�k�y�V ���M�/ �+���M �#�2 �T�`�Q�p�2�M �m�b�B�M�; ���M ���`�;�m�@

�K�2�M�i �#���b�2�/ �Q�M �i�?�2 �Q�M�2 �B�M �a�2�+�i�B�Q�M �k �Q�7�6�Q�b�i�2�H �2�i ���H�X�U�k�y�y�9�V�X �"�2�7�Q�`�2 �b�i���i�B�M�; �i�?�2 �K���B�M �`�2�b�m�H�i

�Q�7 �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �B�M�i�`�Q�/�m�+�2 �Q�M�2 �}�M���H �H�2�K�K���X

�j



�G�2�K�K�� �"�X�j�X�l�M�/�2�` ���b�b�m�K�T�i�B�Q�M�"�X�R�- �B�7y 2 �( x) �i�?�2�Mht (y) > h t (x)�- �7�Q�` ���M�vt 2 T�X

�S� �̀Q�Q�7�X�"�v �K�Q�M�Q�i�Q�M�B�+�B�i�v �Q�7gt ���M�/ �/�2�}�M�B�i�B�Q�M �Q�7ht �- �i�?�2�`�2 �B�b �b�Q�K�2z �B�M �i�?�2 �+�H�Q�b�m�`�2 �Q�7�( y)

�b�m�+�? �i�?���iht (y) � gt (z)�X �6�Q�H�H�Q�r�B�M�; ���b�b�m�K�T�i�B�Q�M�"�X�R�- �i�?�2�`�2 �B�bz0 2 �( x) �b���i�B�b�7�v�B�M�;z0 < z �X

�a�B�M�+�2gt �B�b �b�i�`�B�+�i�H�v �B�M�+�`�2���b�B�M�;�- �r�2 �Q�#�i���B�Mht (y) � gt (z) > g t (z0)



�S� �̀Q�Q�7�X�a�B�M�+�2� �b���i�B�b�}�2�b ���b�b�m�K�T�i�B�Q�M�"�X�R�- �h�?�2�Q�`�2�K�"�X�R�;�m���`���M�i�2�2�b �i�?���i �i�?�2 �/���i���b�2�iO �B�b

�`���i�B�Q�M���H�B�b���#�H�2 �r�B�i�? �i�?�2 �m�i�B�H�B�i�v �7�m�M�+�i�B�Q�Mu(y) := min
�

� t + � tht (y) : t 2 T
	

�- ���M�/ �� �i�?�`�2�b�?�@

�Q�H�/� �X �"�v �b�i�`�B�+�i �K�Q�M�Q�i�Q�M�B�+�B�i�v �Q�7f t �- �i�?�2 �7�m�M�+�i�B�Q�Mht �B�b �2�[�m���H �i�Qht (y) = f t (y)�- �B�7f t (y) < 0�-

���M�/ht (y) = f t (y) + � �Q�i�?�2�`�r�B�b�2�- �7�Q�` �b�Q�K�2� > 0�X �*�H�2���`�H�v�- �B�i �B�b �m�T�T�2�` �b�2�K�B�@�+�Q�M�i�B�M�m�Q�m�b�X �A�M

�T���`�i�B�+�m�H���`�- �i�?�2 �7�m�M�+�i�B�Q�My !
�
� t + � tht (y)

�
�B�b �m�T�T�2�` �b�2�K�B�@�+�Q�M�i�B�M�m�Q�m�b�- �7�Q�` ���M�v �M�m�K�#�2�`� t

���M�/ �b�i�`�B�+�i�H�v �T�Q�b�B�i�B�p�2 �M�m�K�#�2�`� t �- �7�Q�` ���H�Ht 2 T�X �a�B�M�+�2 �i�?�2�K�B�M�Q�T�2�`���i�Q�` �T�`�2�b�2�`�p�2�b �m�T�T�2�`

�b�2�K�B�@�+�Q�M�i�B�M�m�B�i�v�- �i�?�2 �7�m�M�+�i�B�Q�Mu �B�b �m�T�T�2�` �b�2�K�B�@�+�Q�M�i�B�M�m�Q�m�b�X

�_�2�+���H�H �i�?�2 �2�t���K�T�H�2 �B�M �6�B�;�m�`�2 �R �B�M �i�?�2 �K���B�M �T���T�2�`�X ���b �r�2 �T�Q�B�M�i�2�/ �Q�m�i �2���`�H�B�2�`�- �i�?�2

�/�B�`�2�+�i�H�v �`�2�p�2���H�2�/ �b�i�`�B�+�i �T�`�2�7�2�`�2�M�+�2 �`�2�H���i�B�Q�M �B�M�/�m�+�2�/ �#�v �i�?�2�b�2 �+�?�Q�B�+�2�b �B�b ���+�v�+�H�B�+�X �:�B�p�2�M �i�?���i

�H�B�M�2���` �#�m�/�;�2�i �b�2�i�b �+���M �#�2 �`�2�T�`�2�b�2�M�i�2�/ �r�B�i�? �� �b�i�`�B�+�i�H�v �B�M�+�`�2���b�B�M�; ���M�/ �+�Q�M�i�B�M�m�Q�m�b �7�m�M�+�i�B�Q�Mf t �-

�#�v �i�?�2 ���#�Q�p�2 �+�Q�`�Q�H�H���`�v�- �i�?�B�b �T���`�i�B�+�m�H���` �/���i���b�2�i �+���M �#�2 ���T�T�`�Q�t�B�K���i�2�H�v �`���i�B�Q�M���H�B�b�2�/ �r�B�i�? ���M

�m�T�T�2�` �b�2�K�B�@�+�Q�M�i�B�M�m�Q�m�b �m�i�B�H�B�i�v �7�m�M�+�i�B�Q�Mu�- �r�B�i�?�Q�m�i �H�Q�b�b �Q�7 �;�2�M�2�`���H�B�i�v�X

�"�X�R�X�k �G�B�K�B�i�b �i�Q �i�2�b�i���#�B�H�B�i�v

�S�`�Q�T�Q�b�B�i�B�Q�M �j �Q�7 �i�?�2 �K���B�M �T���T�2�` �b�T�2�+�B�}�2�b �+�Q�M�/�B�i�B�Q�M�b�- �m�M�/�2�` �r�?�B�+�? �i�?�2 �m�i�B�H�B�i�vu �i�?���i

���T�T�`�Q�t�B�K���i�2�H�v �`���i�B�Q�M���H�B�b�2�b �i�?�2 �/���i�� �B�b �+�Q�M�i�B�M�m�Q�m�b�- �r�B�i�?�Q�m�i �H�Q�b�b �Q�7 �;�2�M�2�`���H�B�i�v�X �>�2�M�+�2�- �B�M

�b�m�+�? �2�M�p�B�`�Q�M�K�2�M�i�b�- �+�Q�M�i�B�M�m�B�i�v �B�b�M�Q�i�i�2�b�i���#�H�2�X �h�?�2 �+�Q�M�b�i�`�m�+�i�B�Q�M �Q�7 �i�?�2 �m�i�B�H�B�i�vu ���M�/ �i�?�2

�i�?�`�2�b�?�Q�H�/� �B�M �h�?�2�Q�`�2�K�"�X�R���H�H�Q�r �m�b �i�Q �7�m�`�i�?�2�` �B�M�p�2�b�i�B�;���i�2 �T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2�b�2 �7�m�M�+�i�B�Q�M�b

���M�/ �B�/�2�M�i�B�7�v �+�?�Q�B�+�2 �2�M�p�B�`�Q�M�K�2�M�i�b(O; �) �7�Q�` �r�?�B�+�? �i�?�2�v ���`�2 �M�Q�i �7���H�b�B�}���#�H�2�X

�h�?�`�Q�m�;�?�Q�m�i �i�?�B�b �b�m�#�b�2�+�i�B�Q�M�- �r�2 �i���F�2 �i�?�2 �/���i���b�2�iO ���M�/ �+�Q�`�`�2�b�T�Q�M�/�2�M�+�2� ���b �i�?�2

�T�`�2�K�B�b�2�X �A�M ���/�/�B�i�B�Q�M�- �r�2 ���b�b�m�K�2 �i�?���i �i�?�2 �b�2�i �Q�7 �Q�#�b�2�`�p���i�B�Q�M�b �B�b ���T�T�`�Q�t�B�K���i�2�H�v �`���i�B�Q�M���H�@

�B�b���#�H�2�X �q�2 �#�2�;�B�M �Q�m�` �/�B�b�+�m�b�b�B�Q�M �#�v �T�`�2�b�2�M�i�B�M�; �b�m�{�+�B�2�M�i �+�Q�M�/�B�i�B�Q�M�b �m�M�/�2�` �r�?�B�+�? �i�?�2 �/���i��

�+���M �#�2 �2�t�T�H���B�M�2�/ �r�B�i�? �+�Q�M�i�B�M�m�Q�m�b �7�m�M�+�i�B�Q�M�bu ���M�/� �X

���b�b�m�K�T�i�B�Q�M �"�X�k�X�h�?�2�H�Q�r�2�` �#�Q�m�M�/�+�Q�`� �̀2�b�T�Q�M�/�2�M�+�2@� # : X � X �- �;�B�p�2�M �#�v

@� #(x) :=
n

y 2 �( x) : z < y �B�K�T�H�B�2�bz 62�( x); �7�Q�` ���H�Hz 2 X
o

;

�B�b �r�2�H�H�@�/�2�}�M�2�/�- �+�Q�K�T���+�i�@�p���H�m�2�/�- ���M�/ �+�Q�M�i�B�M�m�Q�m�b�X�e

�_�2�+���H�H �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�2�M�+�2�( x) :=
�

y 2 X : y > x g�X �A�M �i�?�B�b �+���b�2�- �i�?�2 �H�Q�r�2�` �#�Q�m�M�/

@� #(x) �B�b �2�K�T�i�v�- �7�Q�` ���H�Hx 2 X �- �r�?�B�+�? �p�B�Q�H���i�2�b �i�?�2 ���#�Q�p�2 ���b�b�m�K�T�i�B�Q�M�X�d

�e �a�2�2 �.�2�}�M�B�i�B�Q�M �R�d�X�9 �B�M���H�B�T�`���M�i�B�b ���M�/ �"�Q�`�/�2�`�U�k�y�y�e�V �7�Q�` �� �/�2�}�M�B�i�B�Q�M �Q�7 ���+�Q�M�i�B�M�m�Q�m�b�+�Q�`�`�2�b�T�Q�M�/�2�M�+�2�X
�d �h�?�2 �b���K�2 ���T�T�H�B�2�b �i�Q �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�2�M�+�2�( x) :=

�
y 2 X : y � x

	
�X

�8



�S�`�Q�T�Q�b�B�i�B�Q�M �"�X�R�X�l�M�/�2�` ���b�b�m�K�T�i�B�Q�M�b�"�X�R���M�/�"�X�k�- �B�7 �i�?�2 �7�m�M�+�i�B�Q�Mf t � �̀2�T� �̀2�b�2�M�i�B�M�; �i�?�2

�K�2�M�mA t �B�b �+�Q�M�i�B�M�m�Q�m�b�- �7�Q�` ���H�Ht 2 T�- �i�?�2�M �i�?�2 �/���i���b�2�iO �B�b ���T�T� �̀Q�t�B�K���i�2�H�v � �̀��i�B�Q�M���H�B�b���#�H�2�-

�7�Q�` �� �+�Q�M�i�B�M�m�Q�m�b �m�i�B�H�B�i�vu ���M�/ �� �+�Q�M�i�B�M�m�Q�m�b �i�?� �̀2�b�?�Q�H�/� �- �r�B�i�?�Q�m�i �H�Q�b�b �Q�7 �;�2�M�2� �̀��H�B�i�v�X

�S� �̀Q�Q�7�X



�S� �̀Q�Q�7�X�.�2�}�M�2 �7�m�M�+�i�B�Q�M�bgt ���M�/ht ���b �B�M �a�2�+�i�B�Q�M�"�X�R�X�R�- �7�Q�` ���H�Ht 2 T�X �6�B�`�b�i�- �r�2 �b�?�Q�r �i�?�2 �`�2�@





�7�Q�` �i�?�B�b �+�Q�`�`�2�b�T�Q�M�/�2�M�+�2�- ���b �b�?�Q�r�M �B�M �a�2�+�i�B�Q�M �j �Q�7 �i�?�2 �K���B�M �T���T�2�`�X �L�2�p�2�`�i�?�2�H�2�b�b�- �#�v

�S�`�Q�T�Q�b�B�i�B�Q�M�"�X�j�- �Q�M�2 �+���M �`���i�B�Q�M���H�B�b�2 �b�m�+�? �/���i���b�2�i�b �r�B�i�? �� �[�m���b�B�+�Q�M�+���p�2 �m�i�B�H�B�i�v�X

�S�`�Q�T�Q�b�B�i�B�Q�M�b�"�X�j���M�/�"�X�9�+���M �#�2 ���T�T�H�B�2�/ �/�B�`�2�+�i�H�v �i�Q �i�?�2 �b�2�i�m�T �Q�7���7�`�B���i�U�R�N�e�d�V�-�.�B�2�r�2�`�i

�U�R�N�d�j�V�- ���M�/�o���`�B���M�U�R�N�3�k�V�X �a�B�M�+�2 �i�?�2 �Q�`�B�;�B�M���H �7�`���K�2�r�Q�`�F ���b�b�m�K�2�b �i�?���i �i�?�2 �#�m�/�;�2�i �b�2�iA t

�+���M �#�2 �`�2�T�`�2�b�2�M�i�2�/ �r�B�i�? �i�?�2 �7�m�M�+�i�B�Q�Mf t (y) := pt � y � mt �- �7�Q�` �b�Q�K�2 �T�`�B�+�2�bpt ���M�/ �B�M�+�Q�K�2

mt �- �7�Q�` ���H�Ht 2 T�- �i�?�2 �`�2�[�m�B�`�2�K�2�M�i�b �Q�7 �i�?�2 �i�r�Q �`�2�b�m�H�i�b ���`�2 �b���i�B�b�}�2�/�X

�"�X�k �_�2�H���i�B�Q�M �i�Q �B�M�i�2�`�p���H �Q�`�/�2�`�b



�6�B�`�b�i�- �/�2�}�M�2 �� �#�B�M���`�v �`�2�H���i�B�Q�MPI ���b�,xPI y �B�7z � I y ���M�/z 6�I x�- �7�Q�` �b�Q�K�2z 2 X �X

�6�Q�H�H�Q�r�B�M�; �G�2�K�K�� �j�X�R �B�M���H�2�b�F�2�`�Q�p �2�i ���H�X�U�k�y�y�d�V�-PI �B�b ���b�v�K�K�2�i�`�B�+ ���M�/ �M�2�;���i�B�p�2�H�v �i�`���M�b�B�@

�i�B�p�2�X�R�j �:�B�p�2�M �i�?���i �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�2�M�+�2c �B�b� �@�K�Q�M�Q�i�Q�M�2�- �B�i �K�m�b�i �#�2 �i�?���ix 2 �( y) �B�K�T�H�B�2�b

x � I y�X �P�i�?�2�`�r�B�b�2�- �r�2 �r�Q�m�H�/ �?���p�2y 2 c
�
f x; yg

�
�- �+�Q�M�i�`���/�B�+�i�B�M�; �i�?���ic �B�b� �@�K�Q�M�Q�i�Q�M�2�X

�q�2 �+�H���B�K �i�?���ixP � y �B�K�T�H�B�2�bxPI y�X �h���F�2 ���M�v �Q�#�b�2�`�p���i�B�Q�M(A; x) 2 O ���M�/z 2 �( y) \ A�X

�*�H�2���`�H�v�- �B�i �K�m�b�i �#�2 �i�?���iz � I y ���M�/z 6�I x�- �r�?�B�+�? �B�K�T�H�B�2�bxPI y�X

�h�Q �b�?�Q�r �i�?���iP � �B�b ���+�v�+�H�B�+�- �i���F�2 ���M�v �b�2�[�m�2�M�+�2z1; z2; : : : ; zn �B�MX �b�m�+�? �i�?���izi P � zi +1 �-

�7�Q�` ���H�Hi = 1; : : : ; (n � 1)�X �h�?�m�b�- �;�B�p�2�M �i�?�2 �Q�#�b�2�`�p���i�B�Q�M ���#�Q�p�2�- �r�2 �Q�#�i���B�Mzi PI zi +1 �Q�`�-

�2�[�m�B�p���H�2�M�i�H�v�-not zi +1 PI zi �- �7�Q�` ���H�Hi = 1; : : : ; (n � 1) �U�#�v ���b�v�K�K�2�i�`�v �Q�7PI �V�X �"�v �M�2�;���i�B�p�2

�i�`���M�b�B�i�B�p�B�i�v �Q�7PI �- �B�i �K�m�b�i �#�2 �i�?���inot znPI z1�- ���M�/ �b�Qnot znP � z1�X

�h�?�B�b �`�2�b�m�H�i �+�Q�K�T�H�2�K�2�M�i�b�6�B�b�?�#�m�`�M�U�R�N�d�8�V �i�?���i �+�?���`���+�i�2�`�B�b�2�b �+�?�Q�B�+�2 �+�Q�`�`�2�b�T�Q�M�/�2�M�+�2�b

�;�2�M�2�`���i�2�/ �#�v ���M �B�M�i�2�`�p���H �Q�`�/�2�` �K���t�B�K�B�b���i�B�Q�M �m�M�/�2�` �i�?�2 ���b�b�m�K�T�i�B�Q�M �i�?���i �i�?�2 �`�2�b�2���`�+�?�2�`

�Q�#�b�2�`�p�2�b �i�?�2�2�M�i�B� �̀2�b�2�ic(A) �7�Q�`���H�H�T�Q�b�b�B�#�H�2 �K�2�M�m�bA 2 A �X �A�M �+�Q�M�i�`���b�i�- �r�2 ���b�b�m�K�2 �i�?���i

�i�?�2 �/���i�� ���`�2 �B�M�+�Q�K�T�H�2�i�2�X �P�m�` �`�2�b�m�H�i �`�2�[�m�B�`�2�b �M�Q ���b�b�m�K�T�i�B�Q�M�b �Q�M �i�?�2 �b�T���+�2X �- �/���i���b�2�iO�-

�Q�` �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�2�M�+�2� �X �A�M �T���`�i�B�+�m�H���`�- �b�B�M�+�2 �r�2 ���H�H�Q�r �7�Q�` �i�?�2 �+�Q�M�b�m�K�T�i�B�Q�M �b�T���+�2X �i�Q �#�2

�m�M�+�Q�m�M�i���#�H�2�- �i�?�2 �B�M�i�2�`�p���H �Q�`�/�2�`� I �K���v �M�Q�i �?���p�2 �� �`�2�T�`�2�b�2�M�i���i�B�Q�M ���b �B�M�6�B�b�?�#�m�`�M�U�R�N�d�y�V�X

�J�Q�`�2�Q�p�2�`�- �i�?�2�`�2 �B�b �M�Q �/�B�`�2�+�i �`�2�H���i�B�Q�M �#�2�i�r�2�2�M �i�?�2 �`�2�p�2���H�2�/ �T�`�2�7�2�`�2�M�+�2P � ���M�/ �i�?�2 �B�M�i�2�`�p���H

�Q�`�/�2�`� I �b�m�T�T�Q�`�i�B�M�; �i�?�2 �/���i���b�B��2���H�2�





�"�X�j�X�k �_�2�H���i�2�/ �`�2�b�m�H�i�b

�*�Q�M�i�B�M�m�B�i�v�6�B�`�b�i�- �r�2 ���/�/�`�2�b�b �i�?�2 �[�m�2�b�i�B�Q�M �Q�7 �+�Q�M�i�B�M�m�B�i�v �Q�7 �i�?�2 �"�2�`�M�Q�m�H�H�B �7�m�M�+�i�B�Q�Mv�X

�a�m�T�T�Q�b�2 �i�?���i �i�?�2 �K�2�M�mA t �B�b �+�Q�K�T���+�i�- �7�Q�` ���H�Ht 2 T�- ���M�/ �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�2�M�+�2� �b���i�B�b�}�2�b

���b�b�m�K�T�i�B�Q�M �j�U�B�B�V�X �q�2 �+�H���B�K �i�?���i �i�?�B�b �b�m�{�+�2�b �7�Q�` �i�?�2 �"�2�`�M�Q�m�H�H�B �7�m�M�+�i�B�Q�Mv �b�T�2�+�B�}�2�/ �B�M

�S�`�Q�T�Q�b�B�i�B�Q�M �e �i�Q �#�2 �+�Q�M�i�B�M�m�Q�m�b�- �r�B�i�?�Q�m�i �H�Q�b�b �Q�7 �;�2�M�2�`���H�B�i�v�X

�A�M�/�2�2�/�- �B�M �b�m�+�? �� �+���b�2�- �i�?�2 �H�Q�r�2�` �B�M�p�2�`�b�2� ` (A t ) �B�b �+�Q�K�T���+�i�- �7�Q�` ���H�Ht 2 T�- ���b �B�b �B�i�b

�/�Q�r�M�r���`�/ �+�Q�K�T�`�2�?�2�M�b�B�p�2 �?�m�H�H� ` (A t )�X �a�B�M�+�2X ` �B�b �}�M�B�i�2�- �i�?�2�`�2 �B�b �� �+�H�Q�b�2�/ �M�2�B�;�?�#�Q�m�`�?�Q�Q�/

V �Q�7� ` (A t ) �b�m�+�? �i�?���iX ` \ � ` (A t ) = X ` \ V �X �.�2�M�Q�i�2B t := V [
�

y 2 R`
+ : y � x t

	
�-

�r�?�B�+�? �B�b �+�Q�K�T���+�i ���M�/ �+�Q�M�i���B�M�b� ` (A t ) �B�M �B�i�b �B�M�i�2�`�B�Q�`�X �J�Q�`�2�Q�p�2�`�- �7�Q�` ���M�v �b�i�`�B�+�i�H�v �B�M�+�`�2���b�B�M�;



�2�t�T�2�+�i�2�/ �m�i�B�H�B�i�v �7�Q�`�K�m�H���i�B�Q�M �r�?�2�M ���H�H �b�i���i�2�bs 2 S ���`�2 �2�[�m���H�H�v �T�`�Q�#���#�H�2�- �B�X�2�X�- �r�2 �?���p�2

u(x) =
P `

s=1 (1=`)v(xs)�- �7�Q�` �b�Q�K�2 �"�2�`�M�Q�m�H�H�B �7�m�M�+�i�B�Q�Mv�X

�q�?�2�M�2�p�2�` �� �/���i���b�2�iO �B�b ���T�T�`�Q�t�B�K���i�2�H�v �`���i�B�Q�M���H�B�b���#�H�2 �r�B�i�? �� �b�v�K�K�2�i�`�B�+ �m�i�B�H�B�i�vu�- �Q�M�2

�r�Q�m�H�/ �2�t�T�2�+�i �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�?�`�2�b�?�Q�H�/ �7�m�M�+�i�B�Q�M� �i�Q �#�2 �b�v�K�K�2�i�`�B�+ ���b �r�2�H�H�X �h�?���i �B�b�-

�i�?�2 ���;�2�M�i �b�?�Q�m�H�/ �#�2 �2�[�m���H�H�v �B�K�T�`�2�+�B�b�2 �`�2�;���`�/�B�M�; �� �#�m�M�/�H�2x ���b �r�B�i�? �B�i�b �T�2�`�K�m�i���i�B�Q�Mx � �X

�h�?�B�b �B�b �B�M�/�2�2�/ �i�`�m�2�- �r�B�i�?�Q�m�i �H�Q�b�b �Q�7 �;�2�M�2�`���H�B�i�v�X

�S�`�Q�T�Q�b�B�i�B�Q�M �k�X�a�m�T�T�Q�b�2 �i�?���i�( x � ) =
�

y� : y 2 �( x)
	

�- �7�Q�` ���M�vx 2 X ���M�/ ���M�v �T�2�`�K�m�@

�i���i�B�Q�M� �X �A�7 �i�?�2 �/���i���b�2�iO �B�b ���T�T� �̀Q�t�B�K���i�2�H�v � �̀��i�B�Q�M���H�B�b���#�H�2 �7�Q�` �� �b�v�K�K�2�i�`�B�+ �m�i�B�H�B�i�vu ���M�/

�b�Q�K�2 �i�?� �̀2�b�?�Q�H�/� �- �i�?�2�M �i�?�2 �7�m�M�+�i�B�Q�M� �B�b �b�v�K�K�2�i�`�B�+�- �r�B�i�?�Q�m�i �H�Q�b�b �Q�7 �;�2�M�2� �̀��H�B�i�v�X

�S� �̀Q�Q�7�X�a�m�T�T�Q�b�2 �i�?���i �i�?�2 �/���i���b�2�iO �B�b �`���i�B�Q�M���H�B�b���#�H�2 �r�B�i�? �� �b�v�K�K�2�i�`�B�+ �m�i�B�H�B�i�vu ���M�/ �b�Q�K�2

�i�?�`�2�b�?�Q�H�/� 0�- ���M�/ �/�2�}�M�2� (y) := max
�

� 0(y� ) : �7�Q�` �b�Q�K�2�
	

�- �r�?�B�+�? �B�b �r�2�H�H�@�/�2�}�M�2�/ ���M�/

�b�v�K�K�2�i�`�B�+�X �q�2 �+�H���B�K �i�?���iu; � ���T�T�`�Q�t�B�K���i�2�H�v �`���i�B�Q�M���H�B�b�2O�X �6�B�`�b�i�- �r�2 �b�?�Q�r �i�?���i �i�?�2

�K�Q�/�2�H �B�b� �@�K�Q�M�Q�i�Q�M�2�X �h���F�2 ���M�vy 2 �( x)�X �"�v ���b�b�m�K�T�i�B�Q�M�- �r�2 �?���p�2y� 2 �( x � )�X �a�B�M�+�2u; � 0

�`���i�B�Q�M���H�B�b�2 �i�?�2 �/���i���- �i�?�2�`�2 �B�b �b�Q�K�2 �T�2�`�K�m�i���i�B�Q�M� �b�m�+�? �i�?���iu(y) � � (y) = u(y� ) � � 0(y� ) >

u(x � ) = u(x)�X �h�Q �b�?�Q�r �i�?���i �i�?�2 �K�Q�/�2�H �`���i�B�Q�M���H�B�b�2�b �i�?�2 �/���i���- �i���F�2 ���M�vt 2 T ���M�/y 2 A t �X

�h�?�2�M�-u(x t ) � u(y) � � 0(y) � u(y) � � (y)�X

�h�?�2 ���/�/�B�i�B�Q�M���H �`�2�b�i�`�B�+�i�B�Q�M �Q�M �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�2�M�+�2� �B�K�T�Q�b�2�b �� �r�2���F �7�Q�`�K �Q�7 �b�v�K�K�2�i�`�v

�Q�M �i�?�2 �K�Q�M�Q�i�Q�M�B�+�B�i�v �Q�7 �+�?�Q�B�+�2�X �*�H�2���`�H�v�- �i�?�2 �+�Q�M�/�B�i�B�Q�M �?�Q�H�/�b �7�Q�`�( x) :=
�

y 2 X : y > x
	

�X

�a�B�K�B�H���`�H�v�- �B�i ���T�T�H�B�2�b �i�Q �1�t���K�T�H�2 �R�- ���b �H�Q�M�; ���b� s6X
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